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Abstract
We review the recent progress in formulating a quantum kinetic theory for the polarization of spin- 12 massive quarks
from the leading-log order of perturbative QCD (pQCD).
1. Introduction
In the early stage of the expansion of fireball created by heavy-ion collisions (HIC), QCD plasma is
believed to be in its deconfined state, whose degrees of freedom are quarks and gluons. The spin of quasi-
particle can be polarized by the magnetic field and the fluid vorticity in non-central HIC. Some part of spin
polarization of the quarks and gluons in this phase is transferred to that of hadrons during hadronization,
and is experimentally observed as the spin polarization of hadrons, such as the polarization of Λ hyperons
reported by the STAR collaboration[1]. Some of the early studies discuss the conversion of angular momen-
tum between fluid vorticity and spin angular momenta of quasiparticles through interactioins (see [2, 3, 4],
and reference therein), yet the total angular momentum of the system is still conserved.
But little is known about the dynamical evolution of the conversion process, especially in the case when
one goes beyond the equilibrium treatment where collision term must play a role. In a time-varying system
in HIC, whether the spin polarization of quasiparticles is driven into or out of equilibrium depends on the
relaxation time of the spin polarization due to QCD interactions which relax it to equilibrium, and the time
variation of backgrounds such as vorticity (or magnetic field) which drive it off equilibrium. If the latter is
much slower than the former, then the system follows closely the instantaneous equilibrium state. Otherwise,
the system is driven significantly off equilibrium, so that the spin polarization should be determined by
solving the dynamical evolution of spin polarization. On the other hand, within the framework of constituent
quark model, the spin of Λ hyperons is mainly carried by strange quarks [5]. Therefore, the microscopic
theory framework that describes the dynamical evolution of spin polarization of massive quarks is needed,
which would be a prerequisite to study that of hadrons too. The free streaming Boltzmann equation of the
spin- 12 massive quarks has been studied (see [6, 7, 8, 9]), but the collision term is still missing.
In this contribution, we formulate the collision terms of dynamical evolution equation of the spin po-
larization of massive quarks in the leading-log order of pQCD [10]. By massive quarks we mean strange
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quarks or more massive quark species. Therefore, it is reasonable to justify that quark mass is of the order
of hard scale, m ≥ mD ∼ gT (g is the QCD coupling constant)1. The similar study of relaxation time for spin
polarization of strange quarks is provided in [11]. See [12] for new development.
2. Time evolution of spin density matrix in Schwinger-Keldysh formalism
2.1. Spin density matrix
The evolution equation of spin density matrix ρˆ of a massive spin- 12 quark should satisfy the ”Lindblad
equation”
∂ρˆ
∂t
= − i
~
[Heff , ρˆ] − Γ · ρˆ, (2.1)
where the effective one-particle Hamiltonian Heff in 2-dimensional spin space, from a phenomenology point
of view, takes the form as Heff = −~2σ · (ω + eB). Γ is the relaxation operator that we aim to study. In
general, it can be expanded in terms of small vorticity ω and magnetic field B as Γ = Γ0 + Γ1(ω, B) + · · · ,
where Γ0, Γ1(ω, B) are the zeroth, and first order in ω or/and B, respectively. As a first step, we present our
result for the leading relaxation operator Γ0, which describes how the initially polarized spin density matrix
relaxes to the unpolarized state in the absence of vorticity and magnetic field, and the study of next order Γ1
with the vorticity and magnetic effect is in progress.
A convenient way to study the density matrix ρˆ in phase space (x, p) is in the language of Schwinger-
Keldysh contour. The position and momentum operators (x1(2), p1(2)) evolve along the forward or backward
time contours(labels by 1 or 2). One can introduce ”ra” variables where classical position and momentum
are xr = 12 (x1 +x2), pr =
1
2 (p1 + p2), and quantum fluctuation of position and of momentum are xa = x1−x2,
pa = p1 − p2, respectively. Because of [xir, pjr] = 0, it allows us to introduce density matrix in phase space as
ρˆ(xr, pr). Due to that xr is conjugate with pa, the density matrix in momentum space ρˆ(pr, pa) = ρˆ(p1, p2) is
related to the density matrix in phase space ρˆ(xr, pr) by a Fourier (or Wagner) transform
ρˆ(xr, pr) =
∫
d3pa
(2pi)3
eipa·xr ρˆ(pr, pa) . (2.2)
Focus our discussion on the density matrix in diagonal momentum space, ρˆ(p1, p2) ∼ (2pi)3δ(p1 −
p2)ρˆ(p1), but we still keep the full spin matrix ρˆ(p) in the spin space. Or equivalently, It means that we
work in the spatial homogeneity system limit, since pa ∼ ∂x. The above consideration is justified as long as
the spatial gradient is much smaller than the inverse of mean free path of QCD interaction l−1mf p.
The 2 × 2 spin density matrix in momentum space is defined by
ρˆ(p) =
1
2
f (p) + S(p) · σ , (2.3)
where f (p) is the particle number distribution and S(p) is the spin polarization density, the integration
of which gives us the total number of quarks and total spin polarization per unit volume.
N =
∫
d3p
(2pi)3
f (p) , S =
∫
d3p
(2pi)3
S(p) . (2.4)
2.2. Time evolution of the spin density matrix
The Hamiltonian in one-quark picture2 is the sum of the free kinetic energy H0, and HI which is the
QCD interaction of quarks with background gluon fields. The interaction Hamiltonian HI from the field
theory Hamiltonian is:
HI = g
∫
d3x ψ¯(x)γµtaψ(x)Aaµ(x) , (2.5)
1Working in this regime justifies the neglecting of quark-gluon conversion process at leading-log order due to the impossibility of
soft quark exchange that must be the same species of the incoming massive quark.
2This reduced one-quark description is justified either by the condition m ≥ T which results in the thermal suppression of Dirac-
Fermi statistics or in the early stages of HIC where massive quarks are scare.
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Fig. 1. The ”cross” diagram (a) corresponds to one HI from U1 and one from U2, and the two ”self-energy” diagrams (b) and (c)
coming from quadratic expansions in HI in each U1 and U2 in (2.7).
where ψ(x) is the quark field operator, and Aaµ(x) is the gluon field with color index a (ta are the color
generators). The one-particle interaction Hamiltonian can be obtained from (2.5).
The time evolution of the density matrix ρˆ(t) in the Schwinger-Keldysh formalism is:
ρˆ(t) = 〈U1(t, t0)ρˆ(t0)U†2(t, t0)〉A , (2.6)
where U1,2(t, t0) = Pe−i
∫ t
t0
dt′ H1,2(t′) are the unitary time evolution operators with Hamiltonian H1(2).
The above average 〈· · · 〉A involves the thermal correlation functions of gluon fields A(1) and A(2) in the
Schwinger-Keldysh contours. The thermal average of one point function vanishes 〈A1(2)〉 = 0, whereas the
thermal average of two-point functions include the one loop Hard Thermal Loop(HTL) gluon self-energy,
the cutting of which represents the scatterings with the background thermal particles. Therefore, we have to
expand (2.6) to the quadratic order of HI . Recall that in the interaction picture: HintI (t) = U
†
0(t)HI(t)U0(t),
where U0(t) = e−iH0t is the free evolution. Then we have
ρˆ(t) − U0(t)ρˆ(0)U†0(t) =
∫ t
0
dt1
∫ t
0
dt2U0(t)〈Hint(1)I (t1)ρˆ(0)Hint(2)I (t2)〉AU†0(t)
+ (−i)2U0(t)
∫ t
0
dt1
∫ t1
0
dt′1〈Hint(1)I (t1)Hint(1)I (t′1)〉Aρˆ(0)U†0(t)
+ (i)2U0(t)ρˆ(0)
∫ t
0
dt2
∫ t2
0
dt′2〈Hint(2)I (t′2)Hint(2)I (t2)〉AU†0(t) , (2.7)
The ”cross” diagram in Fig.1.(a) is the loss term, which relaxes the spin polarization of massive quarks,
whereas the ”self-energy” diagram in Fig.1.(b) and (c) are the gain terms. The sum of all three diagrams
preserves the total probability. Our result shows that the characteristic relaxation rate of spin polarization
of massive quarks is of order α2s log(1/αs). The log contribution is coming from the t-channal soft gluon
exchange with momentum scale from the Debye screening mass mD ∼ gT to hard scale T .
3. Result and Summary
We obtain a separate time evolution equation for the particle number distribution and the spin polariza-
tion density in the leading log order of g4 log(1/g):
∂ f (p, t)
∂t
= C2(F)
m2Dg
2 log(1/g)
(4pi)
1
2pEp
Γ f ,
∂S(p, t)
∂t
= C2(F)
m2Dg
2 log(1/g)
(4pi)
1
2pEp
ΓS , (3.8)
where Γ f and ΓS are diffusion-like differential operators in momentum space. They are given by:
Γ f
2pEp
= ∇pi
(
T (
3
4
− E
2
p
4p2
+
ηpm4
4p3Ep
)∇pi f (p) + pi Tm
2
4p3Ep
(ηp +
3Ep
p
− 3ηpE
2
p
p2
)p · ∇p f (p)
+
pi
2p2
(Ep − ηpm
2
p
) f (p)
)
(3.9)
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The above Γ f satisfies the nontrivial detailed balance condition, i.e.
Γ f
2pEp
= 0 when f (p) takes a form of
the Boltzmann distribution function f eq(p) = ze−Ep/T , where z is an arbitrary fugacity. It has been written as
a total divergence so that the particle number is manifestly conserved. For ΓiS , we have
ΓiS =
(
2p +
TEp
p
− ηpm
2T
p2
)
Si(p) +
(
pTEp − m
2TEp
2p
+
ηpm4T
2p2
)
∇2pSi(p)
+
ηpm2T2p2
1 − 3E2pp2
 + 3m2TEp2p3
 (p · ∇p)2Si(p)
+
1
p2
pE2p − 3m2TEp2p + ηpm2
−Ep − T2 + 3TE
2
p
2p2
 (p · ∇p)Si(p)
+ 2T
ηp 12 − E
2
p
p2
+
mEp
2p2
+
E3p
2p2(Ep + m)
 + Epp − m2p − m22p(Ep + m)
 (pi(∇p · S(p)) − ∇ip(p · S(p)))
− T
p2
(
Ep(Ep + 2m)
p(Ep + m)
+
ηpmEp
Ep + m
(
−3Ep
p2
+
1
Ep + m
))
pi(p · S(p)) . (3.10)
Again one can check that Γ
i
s
2pEp
satisfies the nontrivial detailed balance condition in the massless limit
when spin polarization density S(p) takes a form of S(p) = ze−
p
T pˆ.
We have derived the time evolution equation for the spin polarization of spin- 12 massive quarks. It can
be further improved in the future by going beyond the spatial homogeneity limit, i.e. by including the spatial
gradients of the density matrix, and considering the vorticity and magnetic field effect.
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